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An eight-parameter mathematical model of absorption of poorly soluble gas in
co-current column with interfacial mass transfer under transient conditions has been for-
mulated. The model describes the liquid stream by axially dispersed plug flow with stag-
nant and dynamic zones and the gas stream by axially dispersed model. The result of the
model solution has the form of four transfer functions. Additional four models as asymp-
totic simplification of the basic formulated model considering axial dispersion in both
phases, the model with a stagnant zone in the liquid and axial dispersion in the gas phase,
the model with stagnant zone in liquid and plug flow in gas and the model with plug
flow in both phases, have been formulated and solved. A parametric study of the transfer
functions utilizing complex arithmetic feature of the computer has shown that for the se-
lected oxygen-air-water system only two of the derived transfer functions for each model
are practically useable.
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Introduction

The real flow of liquid and gas through the
layer of particles is a complex phenomenon. From
the standpoint of the processes not requiring more
than one transfer unit the co-current flow of both
fluid phases may be advantageous. The co-current
flow arrangement is also effective if there is a
strongly exothermic reaction taking place in the
system. Principal advantages of the co-current
down flow is the possibility of higher gas/liquid
loads, absence of the limits of the operation, such as
flooding, and usually lower liquid holdup compared
to the counter-current flow. Co-current down flow
reactors exhibit mostly greater stability of the reac-
tion regime compared to counter-current reactors.

For the design of co-current contactors and/or
reactors one usually needs the information about
pressure drop1–6, which is closely related to the rate
of energy dissipation in the column. Also needed is
the knowledge of mass and heat transfer coeffi-
cients,7–10 that is a function of hydrodynamic condi-
tions and column and packing geometry. Mass
transfer efficiency may be strongly affected by axial
dispersion9–12.

Liquid holdup becomes important3,5,13,14 in situ-
ations involving interfacial mass transfer and rela-
tively slow homogeneous reaction in one of the
phases. Since liquid holdup affects primarily the

residence time of liquid in the column it affects sig-
nificantly also the selectivity of the reaction if there
are several reactions taking place in the system.

The course of the processes in the co-current
columns is affected also by the regime of the
flow15,16 which may be continuous, pulsed, trickling
or bubble flow regime.

Many authors13,17–25 dealing with the problem
investigated individual parameters characterizing
the function under the single-phase flow and in
trickle beds3–5,9,26. A number of models have been
derived describing the flow in co-current columns
concentrating on individual specific features. Some
of the model abstracts fairly for the physical nature
such as the stage wise models. A review of these
works may be found in papers.2,27,28

Theory

Two-phase flow models

The two-phase co-current gas/liquid flow in
packed bed column with interfacial mass transfer
poses the problem of inherently large number of pa-
rameters of the resulting model. Based on our expe-
rience we have chosen five mathematical models
with reasonable probability to describe faithfully
the physical situation. The choice was made while
keeping in mind the real capabilities of evaluating
all the parameters involved.
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The model was ultimately formulated for the
case of absorption of a poorly soluble gas, namely
the oxygen-air –water system. As basic model we
have selected an eight parameter model with axial
dispersion in, both, the liquid and gas phase and
with a stagnant zone in the liquid phase (PDE-AD
model). This model is from the mathematical form
already fairly complex, yet manageable from the
standpoint of working with the resulting formulas.
Greater problem poses the number of parameters in-
volved that is probably at the limits of accuracy of
the results obtained experimentally. The limiting as-
pect of the experiments is thus availability of suffi-
ciently fast and accurate sensors.

Bearing this in mind we have solved also sim-
pler models with fewer parameters that appear to be
asymptotic cases of the basic model. These simpler
models are: The three-parameter plug flow in both
phases (PF-PF model), dynamic and stagnant phase
in liquid and plug flow in the gas phase six-parame-
ter model (PE-PF model), five-parameter axial dis-
persion in both phases (AD-AD model), and the
model with dynamic and stagnant liquid phase and
axial dispersion in the gas phase seven-parameter
model (PE-AD model).

Axially dispersed model with stagnant zone
liquid and axial dispersion in the gas phase

The model has a total of eight parameters: the
gas, dynamic liquid and stagnant liquid holdup: hG,
hD, hS, the mass transfer coefficients between gas
and dynamic liquid, kLDaD, between gas and static
liquid, kLSaS, and between dynamic and static liquid
phase zones, kqa, the axial dispersion coefficients in
the gas and dynamic liquid phase, EG and ED. The
mass transfer takes place generally between all
phases of the system. However, since we are deal-
ing with a poorly soluble gas its volume mass trans-
fer coefficient is kLa.

The differential mass balances of the absorbed
species in the gas, dynamic liquid, and stagnant liq-
uid phase take the following form where we can
safely assume (poor solubility) constant mass ve-
locities of both phases in the column:
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The three holdups appearing in the above ex-
pressions are constrained by the available volume.
Thus:

hG + hD + hS = � (4)

From the purpose of applying subsequently the
Laplace transform it is convenient to define concen-
trations as deviations from corresponding steady
state values:

Ci = ci – csi i = G, D, S (5)

Solution in the frequency domain may be ob-
tained by the following procedure: The differential
Equations (1) – (3) are transformed to the Laplace do-
main which eliminates time as variable. The set thus
becomes one of ordinary differential equations. By
solving the transformed set one obtains the so called
transfer functions defined as the ratios of the Laplace
solutions at the point of outlet to that of at the inlet.

Depending on which of the inlet streams is be-
ing perturbed and the response of which of the out-
let stream we are studying, one can formulate a to-
tal of four transfer functions. For the two-phase
co-current stream one can get the transfer function
defined as the ratio of outlet gas to intlet gas stream,
XGZ/XG0, outlet liquid to inlet liquid stream, XLZ/XL0,
outlet gas to inlet liquid stream, XGZ/XL0, and outlet
liquid to inlet gas stream, XLZ/XG0.

From the transfer functions one can in turn ob-
tain easily the frequency characteristics by replac-
ing the Laplace variable by the product, i4, where i
is the imaginary unit and 4 is the angular frequency
of the periodic inlet perturbation.

The result of the Laplace transform of the set
of differential Equations (1) – (3) with the initial
condition:

t = 0, cS = cD = cG = 0 (6)

are two ordinary differential and one algebraic
equation in the form:
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This set may be manipulated to yield a single
fourth-order differential equation with constant co-
efficients for XG in the form:
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Corresponding characteristic equation:
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is a fourth-order algebraic equation with complex
coefficients whose solution may be written in the
following form.

X k z k zG � 	 	1 1 2 2exp( ) exp( )� �

	 	k z k z3 3 4 4exp( ) exp( )� � (25)

X a k z a k zDG � 	 	1 1 1 2 2 2exp( ) exp( )� �

	 	a k z a k z3 3 3 4 4 4exp( ) exp( )� � (26)

where

a B B Bi � 	 	1 1 2 2 3 3� � � , i = 1, 2, 3 (27)

B A Ai i�� 5 54 , i = 1, 2, 3 (28)

The constants k1 – k4 in Equations (25) and
(26) may be determined from the Danckwert’s
boundary conditions expressed for the two phases at
the top and bottom of the column as:
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which yield for the four constants the following ex-
pressions:
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In Equations (37) – (44) we have:

J a Z a Z� �1 2 2 2 2 2� � � �exp( ) exp( ) , (45)

b h E vi i� �1 ( ) ,G G G � i = 1, 2, 3, 4 (46)

d h E vi i� �1 ( ) ,D D L � i = 1, 2, 3, 4 (47)

Substituting for k1 – k4 in Equations (25) and
(26) and putting z = Z one can finally obtain the fol-
lowing four transfer functions for the outlet concen-
trations in both flowing phases:

On putting XL0 = 0 we get:
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and on putting XG0 = 0 we get
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Axial dispersion model AD-AD

The limiting case of the PDE-AD model is the
model with axial dispersion in both phases and no
stagnant zone in liquid (hS = 0). This reduces the
number of parameters from eight to five: The gas
and liquid holdups, hG and hL, axial dispersion coef-
ficients in gas and liquid phase, EG and EL and the
volume gas/liquid mass transfer coefficient kLa. The
balance equations then take the form:
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The concentrations are again given as devia-
tions from corresponding steady states. The method
of solution of Equations (52) and (53) is the same
as for the PDE-AD model and it is given in the AP-
PENDIX 1. The Danckwert’s boundary conditions
determining the constants k1 – k4 take now the form:
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The obtained transfer functions then have the
same form as in Equations (48) – (51) but the con-
stants B1 – B3 and d1 – d4 are defined differently as
given in APPENDIX 1

Model with stagnant zone in the liquid phase
and axial dispersion in the gas phase (PE-AD)

Another way of simplifying the basic PDE-AD
model is to drop axial dispersion in the dynamic
part of liquid phase, ED = 0. This reduces the num-
ber of parameters to seven and the remaining pa-
rameters are identical with those of the basic model.

The balance equations then take the form:
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Just as with the previous models the concentra-
tions are deviations from the steady state values.
Solution of Equations (57) – (59) and the derivation
of the transfer functions are given in the APPEN-
DIX 2.

Plug flow model PF-PF

The simplest of the models describing the dy-
namics of the flow in co-current packed bed column
with interfacial mass transfer is the plug flow model
in both fluid phases PF-PF. From the basic
PDE-AD model it can be arrived at by putting the
stagnant liquid holdup and the dispersion coeffi-
cients in the gas and liquid phases all equal to zero.
The obtained model contains only three parameters.
Namely, gas and liquid holdups, hG, hL and the vol-
ume gas/liquid mass transfer coefficient, kLa. The
two holdups are again constrained by the condition
in Equation (4).

The balance equations take the form:
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Further processing is given in APPENDIX 3.

Model with stagnant zone in liquid and plug
stream in gas phase PE-PF

The PE-PF model is a further simplification of
the PE-AD model when we drop axial dispersion in
the gas phase. The model carries six parameters:
The holdups of gas, hG, dynamic and stagnant liq-
uid, hD, hS and the mass transfer coefficients be-
tween gas, and dynamic liquid, kLDaD, between gas
and stagnant liquid, kLSaS and between the dynamic

and stagnant liquid, kqa. The holdups are again con-
strained by Equation (4).

The balance equations take the form:
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Further course of solution of Equations (62) –
(64) is given in APPENDIX 4.

Results and discussion

Response of the column to periodically
changing conditions

Four transfer functions have been derived for
all models discussed. The form of the solution in
the frequency domain, after substituting the Laplace
variable by i4, is called frequency characteristic.
The frequency characteristic represents actually a
solution of the original differential equations in
quasi-steady state. This is the part of the solution
for a periodically variable input after the transients
from the initial state have faded out.

The dependence of the transfer functions on
frequency is often presented in the form of Bode di-
agrams, which is a dependence of the amplitude ra-
tio and the phase lag on frequency. Bode diagram
thus illustrate the deformation of the input signal af-
ter passing through the system, in our case the
co-current packed bed column.

For a given periodic input at the inlet of one of
the phases one can, after separating the real and the
imaginary part using the computer complex arith-
metic feature, calculate the amplitude ratio, P and
the phase lag, 6 from:

P R I� 	2 2 (65)

6�arctg ( ) ,I R � 7 7
�

6
�

2 2
(66)

where R is the real and I is the imaginary part of the
transfer function.

H. VYCHODILOVÁ et al., Mathematical Models of Absorption of Poorly …, Chem. Biochem. Eng. Q. 18 (2) 117–127 (2004) 121



Expressions for the transfer function in the fre-
quency domain are transcendental functions. There-
fore explicit separation of the real and the imagi-
nary part is impossible. Separation can be achieved
only numerically for specific values of parameters.

Nevertheless, for parameter evaluation one can
use directly the frequency characteristics of the
transfer functions, because the real and imaginary
part of the transfer function have comparable mag-
nitudes, and their weight in the optimization is ap-
proximately the same. In contrast, the amplitude ra-
tio and phase lag may be different by as much as an
order of magnitude with correspondingly variable
sensitivity to parameters to these parts of the objec-
tive function.

Amplitude and phase lag in the
parameter domain

Numeric testing of usability of transfer
function for parameter estimation

In the preceding parts we have derived four
possible transfer functions. Their utilization in ex-
periments requires introduction of a periodic con-
centration disturbance at the inlet of either gas or
liquid phase and its monitoring in both outlet
streams. By periodic disturbance we mean periodi-
cally variable (with angular velocity 4) concentra-
tion of a species that may be transferred across the
interface between the flowing phases.

First, however, we need to test the transfer
functions for anticipated conditions of our experi-
ment from the standpoint of suitability for parame-
ter evaluation.

The test calculations were carried out for the
model of physical absorption of oxygen in water.
Henry constant puts oxygen among poorly soluble
gases in water, i.e. the conditions for which the
above models have been derived. Additional inputs
characterized a 2 meter long packed column, its
voidage being � = 0.4. For 0.01 m diameter glass
sphere packing this gives the specific area of 360
m2 m–3. Tested mass flow rates of gas and liquid, vG
and vL fall approximately into the middle of the
range of operating conditions. Liquid holdup for the
purposes of testing was divided equally between the
dynamic and the stagnant zone. The volume mass
transfer coefficient was evaluated from the correla-
tion of Onda et.al.31.

Sh = 0.0097 Re0.67Sc0.5Ga0.33 (67)

Same values of the volume mass transfer coef-
ficient were adopted for the dynamic and the stag-
nant liquid. The coefficient of mass transfer be-

tween the dynamic and the stagnant zone, kqa, was
taken from the work of Moravec.32

The basic set of input data tested is given in the
first column of Table 1. The equilibrium constant,
Km, was taken equal to 30. More values of model
parameters used in the tests of parametric sensitiv-
ity is shown in additional columns of Table 1.

The effect of individual model parameters was
investigated so that the amplitude ratio and phase
lag were computed for a number of values of the se-
lected parameter while the others were kept con-
stant.

This method of investigation, actually a test of
parameter sensitivity, is virtually impossible to real-
ize experimentally but for the assessment of the ef-
fect on amplitude ratio and phase lag it is very con-
venient.

The results of these tests have shown that the
liquid-inlet-to-liquid-outlet transfer function, XLZ/XL0,
is practically unusable. This is the consequence of
the oxygen concentration in the outlet liquid stream
being too low due to almost total desorption and as
such undetectable by current technical means. This
transfer function could be of use possibly in ex-
tremely short columns. Such measurements, how-
ever, would be of little value due to the end-effects.

We have arrived at similar conclusion concern-
ing the outlet-gas-to-inlet-liquid transfer function,
XGZ/XL0. This function for poorly soluble gas is also
unusable because the low solubility of oxygen
causes that the inlet liquid stream does not carry
enough oxygen into the column to bring about mea-
surable changes of oxygen concentration in the out-
let gas stream. The found amplitude ratios were
smaller, or at zero frequency equal the vL/vG ratio
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T a b l e 1 � Values of model quantities and phase superficial
velocities used for testing.

vG, ms–1 0.2 0.05 0.1 0.2 0.3 0.35

vL, ms–1 0.004 0.001 0.004 0.005 0.01

EG, m2s–1 0.02 0.001 0.02 0.05 0.1 0.5

ED, m2s–1 0.02 0.01 0.02 0.1 0.5

HG, – 0.3 0.2 0.25 0.3

HD, – 0.05 0.025 0.05 0.1

HS, – 0.05 0.075 0.05 0.0

kLDaD, s–1 0.05 0.001 0.01 0.05 0.1

kLSaS, s–1 0.05 0.001 0.01 0.02 0.05 0.1 0.5

kqa, s–1 0.04 0.001 0.005 0.04



which amounts to 0.02 for the basic data set. Using
the water-air-oxygen system and an oxygen elec-
trode as a detector this value is still about 30 times
lower (insufficient sensitivity).

As suitable for parameter estimation thus ap-
pear the two remaining transfer functions: Out-
let-gas-to-inlet-gas, XGZ/XG0 and the outlet liq-
uid-to-inlet gas, XLZ/ZG0, transfer function. The
transfer function XGZ/XG0 in the investigated range
of input data appears particularly sensitive to gas
phase related parameters (axial dispersion coeffi-
cient, EG, gas superficial velocity, vG and gas
holdup, hG) even though it is generally a function of
all parameters involved.

The distinct sensitivity of XGZ/XG0 to gas-re-
lated-parameters may be explained simply so that in
view of the low solubility of oxygen in water the in-
terfacial mass transfer causes relatively minor
changes of oxygen concentration in gas. From the
viewpoint of the gas phase oxygen thus plays a role
of a “tracer”. The XGZ/XG0 transfer function is there-
fore characteristic of the gas phase dynamics.

For illustration the dependences of the ampli-
tude ratio and phase lag are shown graphically in
the form of Bode plots in Figures 1–3 for selected
combinations of the flow rates, gas holdup, and
axial dispersion coefficient in the gas phase.

The amplitude ratio of the XLZ/XG0 transfer
function is always less than 0.033; this value being
given by the equilibrium constant km = 30. It would
therefore appear that the measurement of oxygen
concentration would be little sensitive. However,
with the aid of polarographic oxygen electrode as a
detector, the output of the electrode is proportional
to the partial pressure of oxygen in the given phase,
not its concentration. The output signals in the gas
as well as liquid phase will range between zero and
unity and as such will be well measurable. In the
gas phase, though the measured value must be
scaled by the equilibrium constant km.

The transfer function XLZ/XG0 is influenced pri-
marily by the parameters related to the liquid phase:
Axial dispersion coefficient in liquid, ED, dynamic
and stagnant liquid holdups, hD and hS, the flow rate
of liquid, QL, the mass transfer coefficient, kqa and
the volume mass transfer coefficients kLDaD and
kLSaS, see Figures 4–7. Unfortunately, the effect of
kqa and ED is rather weak, see Figures (4) and (5),
but evaluation of the remaining parameters should
proceed smoothly.

From the dependences of the phase lag on fre-
quency, it follows that the changes due to the varia-
tion of model parameters are rather small. Our abil-
ity to utilize this transfer function will therefore rest
more with the amplitude ratio.

These conclusions hold generally for all four
studied models. For the PDE-AD and PE-AD mod-
els we have to expect problems primarily with the
quantity kqa.
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F i g . 1 � Dependence of the amplitude ratio PGZG0 on � for
three values of gas holdup hG and gas velocity vG = 0.1 m s–1:
1) hG = 0.2; 2) hG = 0.25; 3) hG = 0.3

F i g . 2 � Dependence of the phase lag �GZG0 on � for three
values of gas holdup hG and superficial gas velocity vG = 0.1
m s–1: 1) hG = 0.2; 2) hG = 0.25; 3) hG = 0.3

F i g . 3 � Dependence of the amplitude ratio PGZG0 on � for
five values of axial dispersion EG / m2 s–1 and superficial gas
velocity vG = 0.2 m s–1: 1) EG = 0.001; 2) EG = 0.02; 3) EG =
0.05; 4) EG = 0.1; 5) EG = 0.5



Mathematical model of oxygen electrode

For the work on the dynamics of the flow in
packed bed columns it is important to know the dy-
namics of the employed probe – in our case the
polarographic oxygen electrode. This knowledge is
indispensable and affects the accuracy of the mea-
surement.

Utilizing the results and experience of the
work,29, 30 the oxygen electrode was described by
the two-zone model assuming that the controlling
resistance to oxygen transfer is that within the
membrane of the electrode. The model has been de-
scribed in detail in32.

Currently the oxygen electrodes of the pola-
rographic type are being displaced by the potentio-
metric ones extensively employed in biotechnologi-
cal research9 and industry. However, the dynamics
of the potentiometric electrode is substantially
slower and as such for the purposes of our research
ill suited.

Conclusions

Parametric study of an eight-parameter model
of co-current transient absorption of oxygen in a
packed bed column and its four asymptotic cases
has shown that from the four possible transfer func-
tions only two are fully useable for the investigation
of the given system.

These are: The gas outlet to gas inlet transfer
function, XGZ/XG0, and the liquid outlet to gas inlet
transfer function, XLZ/XG0, in the investigate range
of parameters pertaining to the system. The XGZ/XG0
function is more sensitive to gas phase-related pa-
rameters, while the XLZ/XG0 function is affected pri-
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F i g . 4 � Dependence of the amplitude ratio PLZG0 on � for
values of axial dispersion ED / m2 s–1 and superficial liquid ve-
locity L = 0.001 m s–1: 1) ED = 0.01; 2) ED = 0.02; 3) ED =
0.1; 4) ED = 0,5

F i g . 5 � Dependence of the phase lag �LZG0 on � for four
values of axial dispersion ED / m2 s–1 and superficial liquid ve-
locity L = 0.001 m s–1: 1) ED = 0.01; 2) ED = 0.02; 3) ED =
0.1; 4) ED = 0.5

F i g . 6 � Dependence of the amplitude ratio PLZG0 on � for
four values of volume mass transfer coefficient kLDaD and for
superficial liquid velocity L = 0.001 m s–1: 1) kLDaD = 0.001;
2) kLDaD = 0.01; 3) kLDaD = 0.05; 4) kLDaD = 0.1

F i g . 7 � Dependence of the phase lag �LZG0 on � for four
values of volume mass transfer coefficient kLDaD and for
superficial liquid velocity L = 0.001 m s–1: 1) kLDaD = 0.001;
2) kLDaD = 0.01; 3) kLDaD = 0.05; 4) kLDaD = 0.1



marily by the parameters relating to the liquid
phase.

For the most complex eight parameter PDE-AD
model, as well as the PE-AD model it appears that
the obtained transfer functions are rather little sensi-
tive to the mass transfer coefficient between the
stagnant and dynamic zone of liquid, kqa. Also the
evaluation of the dispersion coefficient, ED, could
experience difficulties.
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L i s t o f s y m b o l s

a – specific interfacial surface, m–1

c – concentration, kmol m–3

dp – diameter of filler element, m

vG – superficial velocity of gas, m s–1, m3 s–1 m2

E – axial dispersion coefficient, m2 s–1

h – hold up

I – imaginary part of the transfer function

kL – mass transfer coefficient, m s–1

kLD, kLS – mass transfer coefficient between dynamic
(D) or static (S) liquid hold up and gas phase,
m s–1

vL – superficial liquid velocity m s–1

km – Henry constant, dimensionless

P – amplitude ratio

PeD – Peclet criterion for the dynamic liquid phase,
vLdp/hoED

PeG – Peclet criterion for the gas phase, vGdp/h6EG

kqa – mass transfer coefficient between dynamic and
static liquid, s–1

QL – liquid flow rate, m3 s–1

� – Laplace variable

R – real part of transfer function

X – Laplace transform of concentration x

t – time, s

z – axial coordinate, m

Z – depth of packed section, m

8 – phase angle, rad

� – void fraction

4 – angular velocity (frequency), rad s–1

S u b s c r i p t s

D – dynamic liquid

G – gas

L – total liquid

S – static liquid
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APPENDIX 1

Axially dispersed flow model AD-AD

Constants A1 – A5 take the form:

A
h E h E

k a1�� G G L L

L

(1–1)

A
v h E v h E

k a2 �
	G L L L G G

L

(1–2)
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h E h s h E h s
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h E

h E

Km
3 �

	
	 	L L G G G L
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h s
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L G
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constants B1, B2 and B3 take here the form:

B
h E

k a1�� G G

L

(1–6)

B
v

k a2 �
G

L

(1–7)

B
h s

k a Km
3

1
� 	G

L

(1–8)

also the constants d1 through d4 take a different form:

d
h E

vi � �1 1
L L

L

� i = 1 ,2, 3, 4 (1–9)

APPENDIX 2

Model with stagnant zone in liquid and
axial dispersion in gas phase (PE-AD)

Ordinary 3-rd order differential equation with constant
coefficients:

A
X

z
A

X

z
A

X

z
A X1

3

3 2

2

2 3 4 0
d

d

d

d

d

d
G G G

G	 	 � , (2–1)

where the constants A1 through A4 are given by:

A
A A

A1
1 4

7

��
5 5

5
, (2–2)

A
A A A A

A2
1 5 2 4

7

�
5 5	 5 5

5
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A
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5 5	 5 5
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A
A A A A
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3 7 2 6
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where

5��A v1 L, (2–6)

5 �
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, (2–8)

5 � 5 ��A E h A v4 5G G G, , (2–9, 2–10)

5 �
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A
k a k a h s k a k a k a k a h sK

K
m

m
6

LS S LD D S q LS S LD D LS S S( )
, (2–11)

5 � 5A K Am7 3. (2–12)

The characteristic equation that has the form:

A A A A1
3

2
2

3 4 0� � �	 	 	 � (2–13)

and may be solved similarly as equation (24)

By solving equation (2–1) we obtain expressions for XG and
XD in the form:

X k z k z k zG � 	 	1 1 2 2 3 3exp ( ) exp ( ) exp ( ),� � � (2–14)

X ak z a k z a k zD � 	 	1 1 1 2 2 2 3 3 3exp ( ) exp ( ) exp ( ),� � � (2–15)

where

a B B B ii i i� 	 	 �1
2

2 3 1 2 3� � , , , , (2–16)

and

B A A1 4 7�� 5 5( ), (2–17)

B A A2 5 7� 5 5( ), (2–18)

B A A3 6 7� 5 5( ). (2–19)

Constants k1 through k4 were determined from the following
boundary conditions:

z X X
h E

v

X

z
X X� � 	 �0 0 0G G

G G

G

G
D D

d

d
, , (2–20)

z Z
X

z
� �

d

d
G 0, (2–21)

and take the following form:

k X b Z b Z1 0 3 2 2 2 3 3� � 	{ [ exp ( ) exp ( )]D � � � �

	 �X a Z a Z C JG0 2 3 3 3 2 2[ exp ( ) exp ( )]}� � � � (2–22)

k X a Z a Z2 0 3 1 1 1 3 3� � �{ [ exp ( ) exp ( )]G � � � �

� �X b Z b Z C JD0 3 1 1 1 3 3[ exp ( ) exp ( )]}� � � � (2–23)

k Z X b Z b Z3 1 1 0 2 1 1 1 2 2� � �� � � � � �exp ( ) { [ exp ( ) exp ( )]D

� �X a Z a Z C JG0 2 1 1 1 2 2[ exp ( ) exp ( )]}� � � � (2–24)

where

C J Z a b a b Z ab a b� � 	 � 	� � � �1 1 3 2 2 3 2 2 1 3 3 1exp ( )( ) exp ( )( )

	 �� �3 3 2 1 1 2exp ( )( )Z a b ab (2–25)

and

b h E vi i� �1 � ( ),G G G i = 1, 2, 3 (2–26)

Substituting for k1, k2 and k3 in equations (2–14) and (2–15)
and putting z = Z we obtain expressions for four transfer
functions as:

X X Z a Z a ZGZ G0 1 2 3 3 3 2 2� � 	{exp ( )[ exp ( ) exp ( )]� � � � �

	 � �exp ( )[ exp ( ) exp ( )]� � � � �2 3 1 1 1 3 3Z a Z a Z (2–27)

� �exp ( )[ exp ( ) exp ( )]}� � � � �3 2 1 1 1 2 2Z a Z a Z C J
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and

X X a Z a Z a ZLZ G0 1 1 2 3 3 3 2 2� � 	{ exp ( )[ exp ( ) exp ( )]� � � � �

	 � �a Z a Z a Z2 2 3 1 1 1 3 3exp ( )[ exp ( ) exp ( )]� � � � � (2–28)

� �a Z a Z a Z C J3 3 2 1 1 1 2 2exp ( )[ exp ( ) exp ( )]}� � � � �

and

X X Z b Z b ZGZ L0 1 3 2 2 2 3 3� � �{exp ( )[ exp ( ) exp ( )]� � � � �

� � 	exp ( )[ exp ( ) exp ( )]� � � � �2 3 1 1 1 3 3Z b Z b Z (2–29)

	 �exp ( )[ exp ( ) exp ( )]}� � � � �3 2 1 1 1 2 2Z b Z b Z C J

and

X X a Z b Z b ZLZ L0 1 1 3 2 2 2 3 3� � �{ exp ( )[ exp ( ) exp ( )]� � � � �

� � 	a Z b Z b Z2 2 3 1 1 1 3 3exp ( )[ exp ( ) exp ( )]� � � � � (2–30)

	 �a Z b Z b Z C J3 3 2 1 1 1 2 2exp ( )[ exp ( ) exp ( )]}� � � � �

APENDIX 3

Plug flow model (PF-PF)

On performing the Laplace transform and eliminating the con-
centration cL a single ordinary second-order differential equa-
tion with constant coefficients results in the form:
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Corresponding characteristic equation now has the form as:
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which is a quadratic equation whose roots are given by:
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The solution then may be written in the form:

X k z k zG � �1 1 2 2exp ( ) exp ( ),� � (3–7)

X k a z k a zL � �1 1 1 2 2 2exp ( ) exp ( ),� � (3–8)

where

a B Bi � 	1 1 2� , i = 1,2,. (3–9)

and

B v k a1� G L , (3–10)

B h s k a Km2 1� 	G L . (3–11)

The constant k1 and k2 are determined from the boundary con-
ditions:

z = 0, XL = XL0 (3–12)

XG = XG0 (3–13)

which have the form:

k a X X a a1 2 0 0 2 1� � �( ) ( ),G L (3–14)

k X a X a a2 0 1 0 2 1� � �( ) ( ).L G (3–15)

The transfer functions of the plug flow model for z = Z are
then given as follows:

X X a Z a Z a aGZ G0 2 1 1 2 2 1� � �[ exp ( ) exp ( )] ( ),� � (3–16)

X X a a Z a Z a aLZ G0 1 2 1 1 2 2 1� � �[ exp ( ) exp ( )] ( ),� � (3–17)

and as:
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APPENDIX 4

The model with the stagnant zone in liquid
and plug flow in gas (PE-PF).

The constants A1 through A3 are given by:

A A A A1 1 4 6�� 5 5 5 , (4–1)
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where
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The characteristic equations has the form:

A A A1
2

2 3 0� �	 	 � . (4–11)

Its solution is the same as in APPENDIX 3 except that the
constants B1 and B2 have now the form:
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5
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And the constants k1 and k2 are evaluated from the boundary
conditions:

z = Z, XD = XD0 and XG = XG0 (4–14)

Expression for the constants k1 and k2 are the same as the those
for the PF-PF model and are given by equations (3–14) and
(3–15). The same is true also about the transfer functions which
are given by equations (3–16) through (3–19).
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